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Introduction

In this document, we will define a sequence of abelian groups, written Ky(R), Ki(R) and
K5(R), which are called the K—groups of a ring R with unit, and which are algebraic
invariants of R. While there are well-defined higher K-groups, and even negative K —groups,
we will focus only on these three.

In Sections 1 and 2, we will give thoroughly ring-theoretic definitions of Ky(R) and
Ki(R) for any ring with unit. However, as its name suggests, algebriac K —theory has
many connections to topological K —theory, an extraordinary cohomology theory of compact
Hausdorff topological spaces. Our main goal in Section 3 will be to generalize the notion of
Ky(R) and K;(R) from rings to arbitrary categories with exact sequences. Then in Section
4 we will expose the link between algebraic and topological K —theory by looking at Ky(R)
of the ring of continuous R— or C—valued maps on a topological space.

We will end our analysis of algebraic K —theory in Section 5 by giving a definition of
K5(R) for an arbitrary ring with unit, and showing it to be both functorial in R and abelian.

This exposition closely follows the book Algebraic K-Theory and its Applications, by
Jonathan Rosenberg [2], except for Section 4 which draws somewhat from Allen Hatcher’s
(yet unfinished) book Vector Bundles and K-Theory [1].

1 The Functor K,

Let R be a ring. Unless otherwise specified, throughout this document we will use the
convention that R refers to a ring with unit, and that I refers to a ring without unit. All
ring homomorphisms will be unit-preserving, the word “module” will refer to a left-module,
and all modules will be assumed to be finitely generated.

We assume the reader is familiar with elementary homological algebra, in particular
projective and injective modules and resolutions, and homology of chain complexes.

Then let R be a ring, and let Proj(R) be the set of finitely generated, projective
R—modules up to isomorphisms. Recall that a finitely generated R—module is projective iff
it is a direct summand of R™ for some n € N. Also, if P; and P» are projective R—modules
such that P Q1 = R™ and P, ® Q2 = R™ then P; & P; is a projective R—module, because
by canonical isomorphism,

(PLOP)D(Q1DQ2) = (PLB®Q1) @ (P® Qo) = R™™.

Furthermore, 0 ® R = R, so 0 is projective, the @ operation is (canonically) associative,
and @ is a commutative operation because by canonical isomorphism, Py & P, = P, @& P;.
Thus, aside from being a set, Proj(R) is a commutative semigroup under the operation &
and with the identity element the zero module.

Proposition 1.1. Let S be a commutative semigroup with unit 0. Then there exists a
unique abelian group G(S) and a canonical map S — G(S) which is universal with respect
to semigroup homomorphisms ¢ : S — H, where H is a group.



Proof. Define G(S) to be the free abelian group on elements of S, modulo the relation that,
for a,b,c € S, a+b=cin G(S) iff a+ b = c in S. Our canonical map is the obvious
inclusion S < G(S5). Then for any group H, a semigroup homomorphism ¢ : S — H can
be uniquely lifted to a group homomorphism ¢’ : G(S) — H by mapping s~ + ¢(s)~!
for all s € S.

Uniqueness comes immediately because G(S) is universal. t

The group G(S) is often called the Grothendieck group or the group completion
of S. [2]

There is an alternate, slightly more concrete construction of G(S), which is similar to
the construction of the field of fractions of an integral domain. In this case, we construct an
abelian group G by taking formal differences of elements of S with the addition operation
[r1 — s1] + [r2 — s2] = [(r1 + 7r2) — (s1 + s2)], and saying that r1 — s1 ~ ry — s9 if, for some
te S, r1+s2+t=s;+ry+t. In this construction, the identity element is the class [r —r],
for any r € S, because s —t ~ (s+r) —(t+r) ~ (r+s)— (r+t) for all s,t € S.

To show that these alternate constructions of G(.S) are indeed equivalent, define the map
between them given by [r — s] — [r] — [s]. This map is well-defined because if [r; — s;] =
[ro — so| then for some t € S, 11 + so +t =19 4+ s1 + t. Thus

(] = [s1] + 8] = ([ra] + [so] + [t]) = [s2] = [s1] = ([r2] + [sa] + [t]) = [s1] = [r2] = [s2] + [1],

which gives that [r1] — [s1] = [r2] — [s2]. Finally, since [r — 0] + [s — 0] = [(r + s) — 0], our
map sends [r — 0] — [r], and is clearly an isomorphism.
With these definitions, we can now give the following definition for Ky(R).

Definition 1.1. Let R be a ring with unit. Then define Ko(R) to be the abelian group
G(Proj(R)), the group completion of Proj(R).

The construction of Ky gives us that Ky(R) is functorial in R, because a ring homomor-
phism ¢ : R — S induces a map of projective modules P + S ®, P, which is considered
as a left S-module. Because tensor products commute with direct sums, we have that
(PLOP) = (PL®P)®, 5= (Pr®,S)® (P,®,S). So ¢ induces a map of semigroups
Proj(R) — Proj(S), which induces a map Proj(R) — G(Proj(S)), and finally, by the
universal property of G(Proj(R)) = Ko(R), induces a unique map ¢, : Ko(R) = Ko(95).

With that in mind, if R is a ring with unit, then there exists a unique ring homomorphism
t: Z — R which sends 1 € Z to the unit in R. This induces a map ¢, : Ko(Z) = Ko(R).

Definition 1.2. The reduced Ko—group of R is the quotient Ko(R) = Ko(R)/t.(Ko(Z))

In a sense, the reduced Kyp—group of R gives the “nonobvious” parts of Ky(R) [2], in
an analogous way that the reduced homology of a topological space gives the “nonobvious”
information about the structure of a space by omitting the information corresponding to
the homology of a single point. We would expect that in some uninteresting cases, XO(R)
would vanish, in an analogous fashion to contractible topological spaces.

Proposition 1.2. If R is a PID, then Ko(R) = Z. Furthermore, we have that the map
L Ko(Z) 2 Z — Ko(R) is an isomorphism, and thus Ko(R) vanishes.

Proof. 1t is a well-known fact that if R is a PID, then any projective module over R has a
well-defined rank, and any two projective modules of the same rank are isomorphic. Thus
Proj(R) =2 N, and so G(Proj(R)) = G(N) = Z.



Then under the map ¢ : Z — R, Z" — R ®, Z"™ = R", and so ¢ preserves rank in the
induced map Proj(Z) — Proj(R). Thus the induced map ¢4 : Z — Z maps n +— n, and ¢,
is an isomorphism, as desired. ]

In analogue to topological K-theory, Ky(R) has the additional structure of a ring if
R is commutative. In this case, any (left) R—module is also a right R—module, and so
it makes sense to think of the tensor product P ®p @ of two projective R—modules P
and Q). Additionally, if P and @ are finitely generated projective R—modules such that
PoP ~=QoQ = R" for some n, then

(PorQ)® (P®Q) & (P)") =

P®R(Q@Q/)@P/n:P®RR7’L@P/7L:Pn®P/n:(P@P/)n:Rn2’

and so P ®g Q is also projective. Since P ®g @ is also finitely generated, and ®p is well-
defined on isomorphism classes of projective modules, we have that Proj(R) is closed under
®pr, the multiplication operation. Then because P ®r Q = Q ®pr P, when we construct
Ky (R) using the construction from Proposition 1.1 and require that [P]®(—[Q]) = —[P®Q)]
in Ko(R), we have that Ko(R) is a commutative ring. Furthermore, since R € Proj(R)
satisfying

RrP=2PRrR=EP

for all P € Proj(R), Ko(R) is a commutative ring with unit [R].

1.1 Alternate Definition of K; with Idempotent Matrices

There’s a final construction of Ky(R) which will be a useful way to think of Ky(R) in certain
situations, and which will be referenced in both the definition of K;(R) and K3(R). This
construction comes by considering n x n matrices with coefficients in R.

In particular, any projective R—module P (such that P ® Q = R" for some n) can be
thought of as the idempotent matrix Mp corresponding to the projection R =2 P®Q — P.
And if P, 2 P, are two isomorphic, projective R — modules, the corresponding matrices
Mp, and Mp, only differ by a “change of basis” (of course, the term “basis” is not always
well-defined for an arbitrary ring) or, in other words, conjugation by some invertible n x n
matrix.

Using this correspondence we can actually identify Proj(R) with the set of idempotent
matrices with coefficients in R, up to conjugation by invertible matrices. To that end, we
have the following definitions and results:

Definition 1.3. Let GL(n, R) be the group of invertible n X n matrices with coefficients
in R. We can embed GL(n, R) into GL(n + 1, R) by mapping any matriz M — (]\6[ (1)>,
for M € GL(n, R). Of course, this embedding preserves invertability of M. This gives us a
directed system

-+ —=>GL(n—1,R) - GL(n,R) - GL(n+1,R) — ---

and we let GL(R) be the direct limit of this directed system. Alternatively, GL(R) is the

infinite direct sum @ GL(n,R), where each M is identified with its image under all the
neN
embedding maps.



Definition 1.4. In an analogous manner to Definition 1.3, we can define M (n,R) to be
the set of n x n matrices of R, and we can embed M (n, R) into M(n + 1, R) by the map
M — (J\(;[ 8) As before, this gives us a directed system, and we let M(R) be the direct

limit of that system.
Finally, let Idem(R) be the set of all idempotent matrices in M(R).

Note that any matrix in both GL(R) and M (R) can be considered as a finite matrix.
Also, note that GL(R) acts on Idem(R) by conjugation. Now, with these definitions, we
can give the final characterization of Ky(R), as follows:

Theorem 1.1. (Rosenberg, Theorem 1.2.3) For any ring R, Proj(R) may be identified
with the set of conjugation orbits of GL(R) on Idem(R). Ko(R) is the Grothendieck group
of this semigroup.

This result is not central to the main goal of this paper, and is included only to give
intuition, so we will omit the proof. We invite the curious reader to read the proof of Lemma,
1.2.1 and Theorem 1.2.3 of [2].

Example 1.1. Theorem 1.1 immediately gives that Ko(R) is isomorphic to Ko(M,(R))
for all n, because via the construction of the groups M (R) and M (M, (R)) above, M(R) =
M (M (R)).

2 The Functor K;

We will now proceed to define K;(R). To do so, we will make use of Definitions 1.3 and
1.4, which gave us GL(R) and M(R). The definition of both K;(R) and K2(R) make use
of the same structure that Theorem 1.1 used to give a definition of Ky(R). We will only
need one additional definition of a subgroup of M (R) in order to define K (R).

Definition 2.1. We will call a matric E € M(n,R) elementary if it has 1's on the
diagonal and at most one nonzero entry off the diagonal. If E;; = a € R 1is the nonzero,
off-diagonal entry of E, then we will write E as e;j(a) (the identity matriz is simply denoted
e). Then let E(n,R) be the subgroup of M(n,R) generated by these matrices. Note that
there is a natural embedding E(n, R) — E(n + 1, R) which, maps e;j(a) — <€ij(§a) (1)>

As before, this gives us a directed system. Let E(R) be the direct limit of this system,
and call E(R) the subgroup of elementary matrices.

Remark: E(R) contains matrices which are not of the form e;j(a), so calling E(R) the
subgroup of elementary matrices is, admittedly, a slight abuse of terminology.

We will end up definining K;(R) to be the quotient GL(R)/E(R), but to do so we need
first to cover some more ground. Namely, we need to prove that F(R) is normal in GL(R).
In order to do so, we will prove the result that [GL(R),GL(R)] = [E(R), E(R)] = E(R),
which will not only give us that E(R) is normal, but that F(R) is perfect.

We begin with a lemma:

Lemma 2.1. Let M € GL(R) be upper-triangular. Then M € E(R)



Proof. Here we consider M as an n X n matrix, for some n, as a representative of its
equivalence class in GL(R). Note that for all 4,j such that 1 < i,5 < n, the matrix
eij(M;;) € E(R). Furthermore, we can write

M =ep_1n(Mp_1p) - - e2n(May) - - - e23(Maz)ern(Miy,) - - - e13(Miz)era(Miz). (1)

So M is a product of elementary matrices, and thus M € E(R). This also covers the case in
which M is lower-triangular, because we can do the construction above for M7, and then
the transpose of Equation 1 gives us our decomposition of M in elementary matrices. [

Corollary 2.1.1. Let A € GL(n,R). Then (A 0

0 A_1> € E(2n, R)

Proof. Note that

E2)-6 D06 D6 DEDE

The result follows because each of the matrices on the right-hand side is either upper or
lower triangular, and thus in £(R) by Lemma 2.1. O

Proposition 2.1 (Whitehead’s Lemma). Let R be a ring. Then
[GL(R), GL(R)] = [E(R), E(R)] = E(R).

Proof. 1t is a straightforward fact to check that e;z(ab) = e;j(a)ejr(b)eij(a) e;r(b)™! as
long as i,j and k are distinct. Thus any elementary matrix e;;(a) is the commutator
leij(a),ejr(1)], when j # i,k, and so every generator of E(R) is the commutator of two
other generators. So F(R) C [E(R), E(R)]. By definition, [E(R), E(R)] C E(R), and so
E(R) = [E(R), E(R)] (i.e. E(R) is perfect).

Now, note that [E(R), E(R)] C [GL(R),GL(R)] because E(R) C GL(R). To show
the other inclusion, let A, B € GL(n, R), and consider the embedding of ABA~!B~! into

—1p-1
GL(2n,R) via ABA™'B~! <ABAO B 10>, and note that:

ABA7'B™! 0\ [(AB 0 A7Y 0\ /Bt 0
0 1, \ 0 B1A! 0 A 0 B)’

Corollary 2.1.1 gives us that each matrix on the right-hand side lies in F(2n, R), and so
ABA'B~! € E(R), as desired. O

Because E(R) = [GL(R),GL(R)], E(R) is normal in GL(R), so it makes sense to
take the quotient GL(R)/E(R). Also, since [GL(R),GL(R)] = E(R), GL(R)/E(R) is
the maximal abelian quotient GL(R)q of GL(R), or the abelianization of GL(R). With
Proposition 2.1 under our belts, we are prepared to give a definition of K;(R).

Definition 2.2. Let R be a ring (with unit). We define K1(R) = GL(R)/E(R).

As stated before, one way to think of K (R) is as the abelianization of GL(R). Another
way to think of K;(R) is as a quotient of GL(R) by the relation that M; ~ My if My can
be produced from M; by multiplication from elementary matrices. This is similar to an
equivalence via row-reduced echelon form, depending on the ring, because left multiplication
by e;ij(a) is the familiar row-operation of adding a times the j** row to the i*" row.

As before with Ky(R), K is a functor from rings to abelian groups, because any (unit-
preserving) map ¢ : R — S induces a map GL(R) — GL(S) and E(R) — E(S), giving us
a map GL(R)/E(R) — GL(S)/E(S).



3 Kp and K; of a Category with Exact Sequences

We have thus far given definitions of both Ky and K7 in ring-theoretic terms. Unfortunately,
our definitions do not readily generalize to other settings in any obvious way. We would like
to think of these groups in a slightly more general setting, in particular because we would
like to show the connection between algebraic and topological K —theory.

The goal of this section is to lay the groundwork for a suitable generalization of Ky
and K71 to categories with exact sequences. It will be somewhat straightforward to recover
from this generalization our original definitions of Ky(R) and K;(R) of a ring R with
unit. However, the new structure will allow us to make the connection between algebraic
K —theory and topological K—theory. By choosing the right category, we will be able to
recover Ko(X), the 0/ topological K —group of a compact Hausdorff topological space X .

Then in Section 4 we will prove a much stronger result, namely that there is an iso-
morphism of categories which relates algebraic K —theory and topological K —theory, and
which shows that algebraic K —theory is a suitable generalization of topological K —theory.

We will begin with the definition of a category with exact sequences, assuming that the
reader is familiar with both additive and abelian categories.

Definition 3.1. Let P be a category. We call P a category with exact sequences if P
s a full additive subcategory of an abelian category A, such that:

1. P is closed under extensions; i.e. if P1, Py € P and there exists a short exact sequence
O—-P—P—>PFP,—0

in A, then P is also in P.

2. P has a small skeleton, i.e., P has a full subcategory Po which is small, and such that
the inclusion Py — P is an equivalence of categories.

Some examples of such categories include the following:
1. Any small abelian category

2. ProjR, the category of finitely generated projective R—modules, is a category with
exact sequences. It is a full subcategory of the abelian category R—mod, and is
closed under extensions because every short exact sequence splits, and the direct sum
of two objects in ProjR is an object in ProjR. Its small skeleton the set of direct
summands of R" for any n € N, because any projective R—module is isomorphic to
a direct summand of R"™ for some n, and so the inclusion of this subcategory into
ProjR is an equivalence of categories. But notice that ProjR is, in general, not an
abelian category since it’s not always the case that the cokernel of a map of projective
modules is again projective. For example, Proj Z is not abelian, because the cokernel

of Z % 7 is not an object in Proj Z.

3. If X is a compact Hausdorff space, then Vect X, the category of vector bundles over X,
is also a category with exact sequences because VectX is isomorphic to ProjC(X),
where C'(X) is the ring of continuous k—valued functions on X, for £ = R or C.
Section 4 will be devoted to proving this isomorphism of categories.



The purpose of defining categories with exact sequences is to define some more general
notion of Ky and K of a category. Recall that when we were defining Ky of a ring R, we
looked at Proj(R) and found that it was a semigroup under the direct sum operation. We
would like to define something analogous to that in the case of the category Proj(R) which
will produce an abelian group from any category with exact sequences.

In the case of ProjR, the statement that P = P; @& P» is equivalent to saying that there
exists a short exact sequence of the form:

O—-P—-P—>P—0

or that P is an extension of P by P;. It is this notion for “addition” that we will use for
the more general case of defining K of some category.

Definition 3.2. Let P be a category with exact sequences with a small skeleton Py. We de-
fine Ko(P) to be the free abelian group generated by the objects of Py, modulo the following
relations:

1. [Pl=[P]iff P=P inP, and
2. [P1] + [P2] = [P] iff there exists a short exact sequence of the form:
O—=PL—P—=PFP—=0
m P.

Because every short exact sequence splits in Proj(R), we have changed nothing from
Definition 1.1, where we originally defined Ky(R) for a ring R.

The definition for K;(P) is also similar to its previous analogue, although not quite as
obviously equal as that of Ky(P).

Definition 3.3. Consider P as above. Then we define K1(P) to be the free abelian group
generated by elements of the form (P, «), where P € Py and o € AutP, modulo the following
relations:

1 [(Pa)] + [(P, B)] = [(P,ap)]
2. [(Pr,a1)] + [(P2, a0)] = [(P, )] iff there exists a commutative diagram in P of the

form:
0 PP -—-"5p 0
| I N
0 2 P Py 0

with exact rows (note that the rows are identical).
Proposition 3.1. Let R be a ring with unit. Then:
1. Ko(R) = Ko(Proj(R)), and the isomorphism is natural.

2. Similarly, by natural isomorphism, K1(R) = K;(Proj(R)).



Proof. (1) This isomorphism comes because, in each case, the definitions are identical. So
no proof is needed.

(2) We will construct an isomorphism between K;(Proj(R)) as follows: Note that
elements A € GL(n, R) correspond bijectively to to automorphisms a € Aut(R™) via left-
multiplication. So we define a map ¢ : Ki(R) — K;(Proj(R)) given by [A] — [(R", «)].

We'll first check that this is well-defined. To do so, consider A, B € GL(n,R) which
correspond to automorphisms «, 3 € Aut(R™). Then note that AB corresponds to «f
(recall that we are considering A as an automorphism of R" via left multiplication), and so

e([AllB]) = »([AB]) = [(R",ap)] = [(R", )] + [(R", B)] = ([A]) + »([B]).  (2)

Also note that if [A] = [A'], then A and A’ differ only by elements of E(R). So to check
that ¢ is well-defined on equivalence classes, we need only check that if £ € F(R), then
©(E) = 0 because of Equation 2 above.

To show that ¢(E(R)) = 1, it suffices to show that ¢ maps the generators of E(R)
to 1. This comes immediately by part 2 of Definition 3.3 because we have the following
commutative diagram:

L

0 —— Rv! R —~ >+ R 0
| (@] | |
0 —— Rv1 R" R s 0

where e;;(a) is a generator of E(R) which can be considered as an element of E(n, R) from
the direct limit. (By definition, any matrix in E(R) can be considered as a finite matrix.)
Since replacing the e;;j(a) arrow in the above diagram with an isomorphism also makes the
diagram commute, by part 2 of Definition 3.3, [(R",e;;(a)] = [(R",Idgn)], and we have
that ¢ is well-defined.

We must now show that ¢ is an isomorphism, and we will begin with surjectivity. To
avoid confusion, we warn the reader that the group operation in Kj(R) will be denoted
multiplicitavely, as K;(R) is the quotient of a matrix group, and that the operation in
K (Proj(R)) will be denoted additively.

So to show surjectivity, consdier (P, a) € Ki(Proj(R)), where P € Proj(R) such that
P @& @ = R". Then note that [(P, )] + [(Q,idg)] = [(P & Q,a @ idg)] = [(R", a ® idg)).
Thus [(P, )] + [(Q,idg)] lies in the image of . But [(Q,idg)] is the identity element in
Proj(R), and so [(P, «)] lies in the image of ¢, and ¢ surjects, as desired.

Finally, we show injectivity. To do so, suppose that ¢([C]) = 0 for some C' € GL(n, R).
Then if 7 is the automorphism of R™ corresponding to C', we have that [(R",~)] lies in the
subgroup of K;(Proj(R)) generated by the relations from the definition of K;(R), namely:

(P, )] + [(P, B)] = [(P, aB)] (3)
(P, )] = [(P1, a1)] + [(P2, a2)].- (4)
This gives, as it did earlier in this proof, that
[(P,a)] = [(P & Q,a®idg)]

where P®Q = R", and so we can assume that [(R", )] lies in the subgroup of K1 (Proj(R))
generated by relations associated to finitely generated free modules.



We take our finitely generated free modules to run over the set {R"™ : n € N}, and
identify each automorphism of a free module with its matrix. Then in the free abelian
group F' generated by [A,j], with A € GL(j,R) and j € N, [C,n] lies in the subgroup
generated by

[A,5]1+ [B,j] = [BA, jl, (5)
and
[A,j + k] = [A1, j] + [A2, K] (6)
Where (5) corresponds to the diagram
0 Ri Rtk > RF 0
|l N
0 R RItH RF 0

and the relations in (5) and (6) come, respectively, from the relations in (3) and (4).
We can rewrite the relation in (5) as linear combinations of those of either:

[A, 5] = [BAB™, j], (7)
which corresponds to the case that kK = 0 and allows for arbitrary changes of basis, or
[A1®A27]+k] = [Alvj]+[A27k]7 (8)

where A1 ® Ay denotes the matrix <<1x<1 ;1]

2
standard inclusion R? — RI*T*. The quotient of the free abelian group F by the subgroup
generated by the relations from (5) and (6) gives us the direct sum B, GL(j, R)qp- Then di-
viding by the subgroup generated by the relations from (7) and (8) gives us lim GL(j,R)ap =
GL(R)ap = Ki(R), modulo the additional relation that A0 — (A O be-

* A2 0 A2

cause they both can satisfy the same commutative diagram from part 2 of Definition 3.3.
But elements of K;(R) already satisfy this relation, so [C] = 1 in K;(R), and ¢ injects,
giving us our desired result. O

), and the relation from (8) corresponds to the

4 Equivalence of Categories and Topological K —Theory

In this section we will refer to Swan’s theorem, an important application of algebraic
K —theory to topological K —theory which shows that algebraic K —theory, as we have
defined it here, is a suitable generalization of topological K —theory. This is result, as refer-
enced in Section 3, is an isomorphism of categories between ProjR, the category of finitely
generated projective R—modules, and VectX, the category of vector bundles over X, a
compact Hausdorff topological space.

For the sake of completeness, we will give a brief introduction to vector bundles, along
with some examples, but assume that the reader is familiar with elementary topological
K —theory.

Definition 4.1. Let X be a compact Hausdorff topological space. A vector bundle over
X is a space E and a map E 2 X such that forallxz € X:

1. p~Yx) 2V for some finite-dimensional vector space over R or C, and



2. there exists some open set Uy > x such that p~Y(U,) 2 U, x V.

We usually say that E the total space, and X the base space.

Example 4.1. Let X = 5% and let E = {(x,y) € X x R3 : y is in the tangent space of
S? at z}. Letp : E — X be the projection map onto the first coordinate. Then for all
r € X, p~(z) is homeomorphic to the tangent plane of S? at z, so p~(x) = R2. Also, for
any open set U C S? not containing all of S?, p~1(U) is homeomorphic to U x R?. Thus
E Y X is a vector bundle over X .

Example 4.2. Let X = S!'. We could construct a vector bundle analogously to that in
Example 4.1 by just replacing S? with S, and R? with R, and noticing that everything still
holds. However, there is a more interesting bundle of S*, called the Mébius bundle. The
total space of this bundle can be constructed by taking R x [0,1] and identifying (0, z) with
(1,—z). Then taking the projection map to be projection onto the first coordinate, we have
a map B L 81 such p~Hz) 2R for all z € S*, and any open set U C S not containing
St has the property that p~Y(U) =2 U x R. Thus E 2 X is a vector bundle over X.

Definition 4.2. Let X be a compact Hausdorff topological space, and suppose that E 5 x
is a vector bundle over X. A continuous section of p is a continuous map s : X — E
such that po s = idx.

Throughout the rest of this paper, we will use the terms section and continuous section
interchangeably.

Proposition 4.1. Let X be a compact Hausdorff topological space, and suppose that both
Er B X and Ex B8 X are vector bundles over X. Let (E,p) be the pullback of

Es

l

E1—>X

Then (E,p) is a vector bundle over X, which we will denote, with slight abuse of notation,
as Fh1 @ Es.

Proof. Let x € X, and first note that p~!(z) = pl_l(x)@pgl (x) by properties of the pullback.
Since for some finite-dimensional vector spaces Vi and Va, py'(z) @ py H(x) = Vi @ Va, it
follows that p~!(z) =V} @ V.

Then let U1, Us 3 x be open sets in X such that pl_l(Ul) =~ Uy xV; and pgl(Ug) > Uy x Vs,
and note that, for U = U; N Uy, it still holds that p;*(U) = U x Vi and p, ' (U) =
U x V5 because both C" and R™ are homeomorphic to any connected open subset. Then
by properties of the pullback, p~'(U) 2 U x (V; @ V»).

Thus E 2 X is a vector bundle, as desired. ]

[Remark: Of course, E1 @ Es is not the actual direct sum of topological spaces E1 and
Es, because the direct sum of topological spaces is the disjoint union. However, on each fiber
of X, By ® By is indeed the direct sum of vector spaces py ' (x) and py*(x). Since we do
not generally use the direct sum notation in topology, it is fitting to employ it in this more
linear-algebraic sense./
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Since vector bundles are closed under addition, the set of isomorphism classes of finite-
dimensional vector bundles over X, denoted Vect(X), forms a commutative semigroup
(E1 @® Ey = Ey & E; canonically), with unit the zero bundle, X x {*} & X. Then as
in Section 1, we can take the group completion G(Vect(X)) of Vect(X), and we have an
abelian group. This is precisely the definition of the 0 topological K —group, as follows:

Definition 4.3. Let X be a compact Hausdorff topological space. Then the 0" topological
K—group of X, denoted KJ)(X) is G(Vecty(X)).

We are finally prepared to state the theorem to which this section is dedicated, and
show the connection between algebraic and topological K —theory.

Theorem 4.1 (Swan). Let F =R or C, and let X be a compact Hausdorff topological space.
Let R = C¥(X) be the ring of continuous maps X — F. If E L X is a F—vector bundle

over X, let
I'X,E)={s: X — E : s is a section of p}

be the set of continuous sections of p. Note that T'(X, E) is an R—module. Then T'(X, E) is
finitely generated and projective over R, and every finitely generated projective module over
R arises (up to isomorphism) from this construction. Thus the map E — T'(X, E) induces
an isomorphism of categories from the category of vector bundles over X to the category of
finitely generated projective R—modules.

Proof. We will first show that I'( X, F) is finitely generated. To that end, let E 5 X be a
vector bundle over X and define I'(X, F') as above. Then for each x € X there exists some
open neighborhood U, > x such that p~1(U,) = X x V for some finite-dimensional vector
space V. If V has dimension n, then the n sections e; : U, — V which maps U, — e;,
the i" basis vector of V, generate the sections of the trivial bundle E 5 U, (the bundle
E 5 X restricted to Uy).

Since X is compact, we can cover X with a finite collection of such open sets, indexed

U;, and choose a partition of unity (f;) subordinate to the covering (i.e., for all i and all
x € X,0< fi(x) <1, fi(xr)=0if x € U;, and for all z € X, Xf;(x) = 1).

Then we make a generating set for I'(X, E) out of sections e;; = fie;. Each of these
sections is supported in U; and can extend to all of X by simply defining e;;(x) = 0 if
x ¢ U;. By their construction, the e;;’s generate I'(X, E) as an R—module, and thus
I'(X, E) is finitely generated.

We will now show that I'(X, F) is projective over R. To do this, choose generators s;
of I'(X, E) (which could be the same ones we constructed above), and consider the trivial
bundle X x F¥ &% X. We will construct a morphism to the total space, F* RN E. defined
by:

k

(x,v1, ..., V) j§1vj8j(x)'
Recall that the s;’s span I'(X, E), so they span p~!(z) for each x, and thus ¢ is surjective
on each fiber. We define a subbundle E’ of given by E’ = kery, where each fiber E! of
x € X is given by kerep,. This is a vector bundle because, ker¢, is a finite-dimensional
vector space, and if E is trivial over U C X, then ¢| 1) : X X F* — p~!(U) is a linear
map of vector spaces, and thus kergo]Wq(U) =~ X x V for some finite-dimensional vector
space V. Thus E’ restricted to U is also the trivial bundle.

11



Then note that, if E @ E' =2 X x F*, then
I'(X,E)®D(X,E)~T(X, X x FF) ~ RF

and thus I'(X, E) is projective (note that I'(X,X x F¥) = RF because k continuous,
F—valued functions uniquely define a section of X, and each section of X is likewise given
by a k—tuple of continuous, F—valued functions).

We will do this by introducing an inner product on E. (Recall that an inner product can
be introduced on a vector bundle if X is paracompact, because each local trivialization is
equipped with an inner product, and these can all be patched together by using a partition
of unity [1]. Since X is compact, and thus paracompact, we have a well-defined metric on
all vector bundles of X, in particular on E and FE’.)

Thus we have a metric on both E and on X x FF which comes from the standard inner
product on F*. Also, with respect to this metric ¢ has an adjoint, ¢* : B — X x F* such
that (pv,w) = (v, ¢*w). Since ¢ is surjective on each fiber of z € X, ¢* is injective, and
Im(y*) is the orthogonal complement of E’, E'*. Thus ¢* is an isomorphism F = E'* and
it is a basic result in topological K —theory that E @ E* is the trivial bundle for any vector
bundle E over a paracompact Hausdorff topological space [1]. Thus E @ E’ is trivial, and
I'(X, E) is indeed projective.

Our next task is to show that every finitely generated projective module over R cor-
responds to I'(X, E) of some vector bundle E over X. To that end, suppose that P is
a projective R—module such that P & Q = R" = C(X,F"). Then P is a collection of
continuous maps X — F™, and so we can define a vector bundle F as

E ={(z,v1,...,vn) € X xF": s(x) = (v1, ..., v) for some s € P}.

We claim that if we define E 2 X to be projection onto the first factor, F is a vector bundle
over X, where vector addition and scalar multiplication in each fiber is given precisely from
that of F".

Then our final item to check is local triviality. Let € X and choose elements e!, ...,e" €
P such that e!(x), ...,e" () are a basis for E, = p~!(x) C F". Since these are vector-valued
functions, we will write e! = (el,eb,...,et). And since the functions e!(z),...,e"(z) are
linearly independent, we can choose 1 < j; < ... < j, < n such that e = det(M;x) # 0 at z,
where M;;, = (e;k) Then because P @& @ = R", we may choose a complementary basis of
elements f*~7,.., f", and, as above, construct a nonzero determinant f using the f". Then
both e and f are continuous (as each f” and e” is continuous, and the determinant map is
also continuous), and so we have an open neighborhood U, of x such that e, f # 0 on U,.
Then if y € U,, the {e'(y)}; and {f(y)} generate, respectively, rank—r and rank—(n — r)
free submodules of P and (). Thus these span both P and ), and we have that both P and
Q@ are trivial over U.

So we now have that, up to isomorphism, each projective R—module has the form
I'(X, E) for some vector bundle E over X. Additionally, a map of sections I'(X, Fy) —
I'(X, E2) restricts to a linear map on each fiber, defined by the images of the spanning
sections of the fiber. This is exactly a morphism of vector bundles, and thus the functor

which sends E — I'(X, E), and a morphism E; 5 E, to ['(X, E1) 2 I'(X, Ey), given by
s — @ o s, is bijective on objects as well as morphisms, and we have an isomorphism of

categories.
O

Corollary 4.1.1. Theorem 4.1 immediately gives us that K°(X) = Ko(R).
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5 The Functor K,

We will end our exposition of algebraic K—theory by defining K5(R) for any ring (with
unit) R. Intuitively speaking, the definition of K»(R) will show that K»(R) measures those
relations of elementary matrices of the form m;;(a) (drawing from the definition of E(R)
in Section 2) which are “non-obvious,” in that they do not correspond exactly with the
relations of elements of E(R). This idea is somewhat similar to the definition of K;(R),
which showed that K;(R) measures the failure of general invertible matrices over R to be
expressed as a product of its elementary matrices (elements in F(R)).
With this in mind, we define the Steinberg group, as follows:

Definition 5.1. Recall from Section 2 that E(R) is generated by elementary matrices of
the form e;j(a), where i # j and a € R. Analogously, we define the matriz m;;(a) to be the
n X n matriz with 1’s on the diagonal, a € R on the i,j slot (thusi # j), and 0’s elsewhere.
We define the Steinberg group of order n, written St(n, R), to be the free group generated
by n x n matrices of the form m;j(a), modulo the following relations (which the elements
eij(a) of E(R) satisfy as well):

1. mgj(a)mi;(b) = myj(a + b)
(a)m(b) = my(b)ymij(a),ifj # k and i #1
mi;(a)m (b i

mi;(a)m (b

As in the definitions of E(R), M(R) and GL(R), we can map St(n,R) — St(n+ 1, R)
A

0 1
directed system. The Steinberg group, written St(R), is the direct limit of this system.

mi;la

mi;(a) " 'my(b) ™t = my(ab), if i,j and k are distinct.

4:\939\5

)
)

mij(a) " mg (b)) 71 = myj(—ba), if i,j and k are distinct.

canonically (although not always injectively) via A +— , and we get from this a

It is obvious that there is a canonical projection map St(R) — E(R) which maps n x n
matrices m;;(a) — ej;(a). What is not obvious a priori is that the projection is not an
isomorphism in general. Indeed, the generators of E(R) satisfy all the relations stated in
Definition 5.1. But depending on the ring, they may satisfy more relations which cannot
be derived from the four in the definition of St(R) because F(R) < GL(R). Then Ks(R)
is a sort of measure of whether or not this occurs, in the sense that if Ks(R) is trivial,
then the projection is indeed an isomorphism, and if not, then Ky(R) is the subgroup of
St(R) generated by the relations which the generators of E(R) satisfy, and which cannot
be derived from the four in the definition. Thus, naturally, we have the following definition
of K Q(R):

Definition 5.2. Let R be a ring with unit. We define Ka(R) to be the kernel of the
canonical projection map St(R) - E(R).

Note that a ring homomorphism ¢ : R — S induces maps ¢, : E(R) — E(S) and
i+ St(R) — St(S) via ejj(a) — e;j(¢(a)) and myj(a) — mi;j(p(a)), respectively. This
gives that the diagram

St(R) —=— St(9)

E(R) —— E(S)
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commutes, because, along the top, m;j(a) — mi;j(p(a)) — eij(¢(a)), and, along the bot-
tom, m;;j(a) — e;j(a) — eij(¢(a)). Thus under the induced map ¢, : St(R) — St(S5),
o«(ker(St(R) — E(R)) C (ker(St(S) — E(S)) and we have that ¢ induces a map
v« Ko(R) — K3(S). So just as in the case of Ky(R) and K;(R), K2(R) is functorial
in R.

However, it’s not at all clear that Ks(R) is abelian, which we would like it to be, as
both Ko(R) and K (R) are abelian, as well as the topological K —groups which this theory
generalizes. It is simply defined as the kernel of a group homomorphism between to non-
abelian groups, and so a prior:i there is no reason why it should be abelian. We will dedicate
the remainder of this section to proving that K3(R) is indeed abelian. To do this, we will
need the following notion:

Definition 5.3. Let G1,G2, G be groups. An extension
e— G —G— Gy —e.

of G2 by Gy is central if the map G1 — G 1is the inclusion of the center of G.

Our goal, then, for the rest of this section is to show that the short exact sequence
e — Ks(R) — St(R) — E(R) — e 9)

is a central extension of E(R). Given that, it follows immediately that K2(R) is an abelian
group, just like its counterparts K;(R) and Ko(R).

As our first step to proving that this extension is indeed central, we prove the following
technical lemma:

Lemma 5.1. Let R be a ring and n € N such that n > 3. Let N(n,R) be subgroup of
St(n, R) generated by all m;j(a), a € R, with i < j. Then @, restricted to this subgroup is
an isomorphism onto the upper-triangular subgroup of E(n, R). Thus Ka2(R) N N(n, R) is
trivial.

Proof. Consider N(n, R) as defined above. Then let N; be the subgroup of N(n, R) gener-
ated by my;(a) such that 1 < j < n. Note that N; is abelian by relation 2 from Definition
5.1 (because 1 # j), and that R"~! surjects onto Nj via the map:

(az,as, ...,an) — miz(az)miz(as) - - - min(ay).

Then if ¢, is the projection map St(n, R) - E(n, R), ¢, maps Ny to the upper-triangular
matrices in E(R) whose off-diagonal, nonzero entries are all on the first row. Then under
the composition "1 — N; 23 E(n,R), (a,as,...,a,) € R" ! is mapped to the upper-
triangular matrix M in E(n, R) with M;; = a; and 0 elsewhere above the diagonal, and
R o N, &3 E(n, R) is injective, giving that ¢, restricted to Nj is injective.

Then let Ny be the subgroup of St(n, R) generated by elements of the form m;;(a) sith
i < jand i = 1 or 2. Then Ny/Nj is generated by the cosets of elements of the form
maj(a) with 2 < j < n. By the same arguments as before, the group N, generated by these
elements maj(a), 2 < j, is also abelian and an injective image of R"~2 via the map

(a3, a4, ...,an) — eaz(as) - - - ean(an),

where es3(ag) - - - ean(an) = M is the upper-triangular matrix in E(R) with the nonzero
entries above the diagonal being My; = aj, 3 < j < n. So ¢, is injective on Nj, and thus
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n is injective on Na, as any element in Na can be given as a unique product of an element
of N7 and one of NJ, and no nontrivial element of Ny the the inverse of an element in NJ.
Repeating this process n times, we have that ¢, is injective on N,, = N(n, R), and thus
that o, maps N(n, R) isomorphically to the group of upper-triangular n x n matrices with
1’s on the diagonal and entries in R.

Thus K3(R) N N(n, R) is trivial for all n, and we have our result. O

We are now ready to prove our main result of this section, namely:
Theorem 5.2. The extension from Equation 9 is central.

Proof. Let ¢ : St(R) — E(R) be the canonical projection map from Equation 9, and let
x € Z(St(R)). Then ¢(x) must commute with ¢(y). Since ¢ surjects, that means that
() must commute with all y € F(R). But E(R) has a trivial center since an n x n matrix
M can’t commute with each e;;(1) unless M is diagonal and all the entries have the same
value. Since each matrix in F(R) can be thought of as an infinite matrix such that, after
some m € N, the entries in the diagonal stabilize to 1’s, M must have all 1’s on the diagonal,
and thus M is the identity matrix in E(R), and ¢(x) = e, and x € ker(p) = Ko(R). Thus
Z(St(R)) C K3(R), as desired.
Now consider an element m = m;, j, (a1) - - - My, 5, (an) € Ka2(R), with e, (a1) - - - €4, 5, (an) =

1in E(R). Choose some N larger than all the i1, ..., i, j1, ..., jn, and note that for any I < n,
k < N and a € R, we have that:

mEN, k # 71

My, 5y (al)mkN(a)xiljl (a1>_1 = .
mi, N(ara)mpn(a), k=

by our relations in Definition 5.1. Thus m normalizes the subgroup Ay generated by the
min(a), with & < N and a € R. Since K2(R) has a trivial intersection with Ax by
Lemma 5.1, the restriction of ¢ to Ay is injective. Since we have that for all y € Ay,
p(mym~ty~1) = p(m)p(y)e(m ey™") = v(y)e(y~") = 1, we get that mym ™'y~
be trivial.

Thus m communtes with any myy(a) such that N is larger than the indices i1, ..., in, j1, ...y Jn-
Also, since m;j(a)mr(b)mi;(a) " mg(b) ™! = myk(ab) if i,j and k are distinct (relation 3
from Definition 5.1), these matrices generate St(R). Therefore m € Z(St(R)), as desired,
and Ki(R) = Z(St(R)), which gives our result

must

O]

Corollary 5.2.1. K5(R) is an abelian group.

6 Conclusion

Our goal with this paper was to thoroughly define the three K—groups Ky, K1 and Ko
of a ring, and then to show it in sufficient generality such that the connection between
topological and algebraic K —theory would be clear. In doing this, we had to omit the
long exact sequence of a pair (R, ) of a ring and an ideal, higher K —groups, and negative
K —groups among other things. Given more time and space, these would have been my
next priority, after calculating a few good examples (in general, finding K —groups require
very nontrivial calculations).
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